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1 Introduction
This paper is devoted to the consideration of a certain cup product in the Galois cohomology
of an algebraic number field with restricted ramification. Let n be a positive integer, let K
be a number field containing the group µn of nth roots of unity, and let S be a finite set
of primes including those above n and all real archimedean places. Let GK,S denote the
Galois group of the maximal extension of K unramified outside S (inside a fixed algebraic
closure of K). We consider the cup product
H1(GK,S, µn)⊗H1(GK,S, µn)→ H2(GK,S, µ⊗2n ). (1)
When the localization map
H2(GK,S, µ
⊗2
n )→
⊕
v∈S
H2(Gv, µ
⊗2
n ) (2)
for the local absolute Galois groups Gv is injective, the cup product is a direct sum over
primes in S of the corresponding local cup products, each of which may be expressed as the
nth norm residue symbol on the completion of K at that prime. However, we are interested
in a situation that is inherently non-local: that is, in which the cup product of two elements
lies in the kernel of the localization map. This kernel is isomorphic to CK,S/nCK,S, where
CK,S denotes the S-class group ofK. In Section 2, we develop a formula for the cup product
in this case in terms of ideals in a Kummer extension of K (Theorem 2.4).
Using Kummer theory, we can identify H1(GK,S, µn) with a subgroup of K
×/K×n con-
taining the image of the units of the S-integers OK,S, and hence we have an induced pairing
O×K,S ×O×K,S → H2(GK,S, µ⊗2n ).
Like the norm residue symbol, this pairing has the property that a and b pair trivially if
a + b = 1. Thus, we obtain a relationship between the cup product and the K-theory of
OK,S, which is described in Section 3 and discussed further in Section 5 (see Conjecture 5.3).
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When n = p, a prime number, the cup product yields information on the form of
relations in the maximal pro-p quotient G = G(p)K,S of GK,S. It is well-known that G has a
presentation
0→ R→ F → G → 0, (3)
where F is a free pro-p group on a finite set X of generators and R is the smallest closed
normal subgroup containing a finite set R of relations in F . Choosing X and R of minimal
order, we have
|X| = dimZ/pZH1(G,Z/pZ) and |R| = dimZ/pZH2(G,Z/pZ).
When the localization map (2) is injective, the relations can be understood in terms of
relations in decomposition groups. On the other hand, it is quite difficult to say anything
about relations corresponding to the kernel of the localization map.
Let us quickly review the precise relationship between H i(G,Z/pZ), i = 1, 2, and the
generators and relations for G, as detailed in [Lab67] or [NSW00, Section III.9]. Let gr·(F)
denote the sequence of graded quotients associated with the descending p-central series on
F . The image of X in gr1(F) = F/Fp[F ,F ] forms a basis, which we also denote by X .
With the choice of a linear ordering on X , the set
{px, [x, x′] : x, x′ ∈ X, x < x′}
forms a basis for gr2(F), where p : gr1(F)→ gr2(F) is induced by the pth power map and
[x, x′] is (the image of) the commutator xx′x−1(x′)−1. Now, any relation ρ ∈ R has zero
image in gr1(F), and its image in gr2(F)/p gr1(F) is∑
x<x′∈X
aρx,x′[x, x
′], aρx,x′ ∈ Z/pZ. (4)
The quotient gr1(F) and H1(G,Z/pZ) ≃ H1(F ,Z/pZ) are dual as vector spaces over Fp,
allowing us to define a basis X∗ of H1(G,Z/pZ) dual to X . Similarly, R may be regarded
as a basis for the dual to H2(G,Z/pZ) via the transgression isomorphism H1(R,Z/pZ)G ≃
H2(G,Z/pZ). With these identifications, the numbers aρx,x′ in (4) are given by
aρx,x′ = −ρ(x∗ ∪ x′∗), x < x′, (5)
where the cup refers to the cup product pairing
H1(G,Z/pZ)×H1(G,Z/pZ)→ H2(G,Z/pZ). (6)
Since K contains µp, we have natural isomorphisms
H i(GK,S, µ
⊗j
p ) ≃ H i(G,Z/pZ)⊗ µ⊗jp
for any i and j, and so the cup product (6) is just (1) after a choice of isomorphism
µp ≃ Z/pZ.
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Our primary focus in Sections 4–6 is a case in which the localization map (2) is zero:
n = p, with p an odd prime, K = Q(µp), and S consisting of the unique prime above p. In
this case there is a natural conjugation action of ∆ = Gal(K/Q) on gri(F); let us suppose
that generators and relations have been chosen so that each x and each ρ is an eigenvector
for this action. Define aρx,x′ by equation (5) for any x, x
′ ∈ X . Suppose further that p
satisfies Vandiver’s conjecture. Then H2(G,Z/pZ)−, the subspace on which ∆ acts by an
odd character, is trivial, and therefore the matrix Aρ = (aρx,x′) decomposes into blocks
Aρ =
(
Aρ+ 0
0 Aρ−
)
where Aρ± contains all entries aρx,x′ corresponding to x, x
′ ∈ gr1(F)±. The matrix Aρ+
is related to the p-adic zeta-function (see Sect. 4) and can be shown to be nonzero when
Vandiver’s conjecture holds and the λ-invariant of the p-part of the class group in the
cyclotomic tower is equal to its index of irregularity (Proposition 4.2), in particular for
p < 12,000,000 [BCE+01].
The question of when Aρ− is non-zero is more mysterious. In Section 5, we present
a method for imposing linear conditions on Aρ−. The relations ρ ∈ R correspond to
nontrivial eigenspaces of the p-part of the class group of K. For all such eigenspaces for p
with p < 10,000, the method specifies Aρ− up to a scalar multiple (Theorem 5.1). Since
the method works by imposing linear conditions, it is not capable of showing that
Aρ− 6= 0. (7)
In Sections 6 and 7, we consider conditions for the nontriviality in (7). In Section 6, we
describe the relation between this nontriviality and the structure of class groups of Kummer
extensions of K. In Section 7, we determine a formula for a certain projection of the cup
product when it can be expressed as the corestriction of a cup product in an unramified
Kummer extension L of K (Theorem 7.2). We then describe a computer calculation that
uses this formula to verify the nontriviality of Aρ− for p = 37 (Theorem 7.5).
In Section 8, we describe, in detail, the relations in G that result from the nontriviality
in (7) (Theorem 8.2) and, in particular, the explicit relation for p = 37. In Section 9, we use
this description to exhibit relations in a graded Zp-Lie algebra g associated with the action of
the absolute Galois group on the pro-p fundamental group of P1−{0, 1,∞} (Theorem 9.1).
For p = 691, we explain how a conjecture of Ihara on the relationship between the structure
of g and a certain Lie algebra of derivations implies (7) and, conversely, our calculations
confirm Ihara’s conjecture in this case if (7) is satisfied (Theorem 9.11).
In Section 10, we consider an Iwasawa-theoretic consequence of the nontriviality in (7),
namely, Greenberg’s pseudo-null conjecture in the case that the p-part of the class group
of K has order p (Theorem 10.4).
Acknowledgments. The authors would like to thank Ralph Greenberg, Yasutaka
Ihara, and Barry Mazur for their support, encouragement, and useful comments, Robert
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Bond and Michael Reid for some corrections, John Cremona for his invaluable assistance
with C++ (used to prove Theorem 5.1 up to 6500), Claus Fieker for determining the struc-
ture of the maximal order of a degree 37 number field as part of the computation for p = 37
of Section 7, William Stein for his substantial contribution to this computation, and Kay
Wingberg for his suggestion of the approach in Section 7. The first author was supported
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2 A formula for the cup product
We consider the general setting for the cup product (1) of the introduction. First, we
describe the groups H i(GK,S, µn), i = 1, 2. Let KS denote the maximal extension of K
unramified outside S. From the inflation-restriction exact sequence, H1(GK,S, µn) is the
kernel of the restriction map from H1(K,µn) to H
1(KS, µn) and hence may be identified
using Kummer theory with the kernel of K×/K×n → K×S /K×nS . Thus
H1(GK,S, µn) ≃ DK/K×n,
where
DK = K
×n
S ∩K× = {x ∈ K× : n | ordq(x) for all q /∈ S}.
The description of H2(GK,S, µn) involves the S-ideal class group CK,S of K. For an
extension F/K, denote by OF,S the ring of S-integers in F . For brevity, we set OS = OKS ,S.
SinceKS contains the Hilbert class field ofK, any nonzero ideal a ofOK,S becomes principal
in OS—say a = (α) for α ∈ K×S . Furthermore, since a is fixed by GK,S, we have ασ/α ∈ O×S
for σ ∈ GK,S, and thus we can associate with a an element ofH1(GK,S,O×S ). Using Hilbert’s
Theorem 90 and the exact sequence
1→ O×S → K×S → PS → 1,
where PS is the group of principal ideals of OS, it is easy to see that this induces an
isomorphism
CK,S ≃ H1(GK,S,O×S ).
Also, if IS is the group of fractional ideals of OS , then, since KS contains the Hilbert class
field of any of its subfields, IS/PS is trivial. Hence, since IS is a direct sum of induced
modules, we have
H i(GK,S, PS) ≃ H i(GK,S, IS) = 0, i ≥ 1.
It follows that H2(GK,S,O×S ) is isomorphic to H2(GK,S, K×S ), the p-part of which, for those
p dividing n, may be identified with the p-part of the subgroup of the Brauer group of
K consisting of elements with zero invariant at all valuations v /∈ S [NSW00, Proposi-
tion 8.3.10]. As S contains all primes dividing n, the sequence
1→ µn → O×S n−→ O×S → 1 (8)
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is exact. Taking its cohomology and tensoring with µn, we obtain an exact sequence
1→ CK,S/nCK,S ⊗ µn → H2(GK,S, µ⊗2n ) π−→
⊕
v∈S
µn
∏
−→ µn → 1, (9)
where π is the twist by µn of the direct sum of the invariant maps. For future reference, we
record that if the ideal a represents an element of CK,S/nCK,S, the corresponding element
of H2(GK,S, µn) is the coboundary H
1(GK,S,O×S ) → H2(GK,S, µn) of the cocycle ασ/α,
where aOS = (α).
Now we consider the pairing
( , )S = ( , )n,K,S : DK ×DK → H2(GK,S, µ⊗2n )
induced by the cup product. Let a, b ∈ DK . The image of (a, b)S under π as in (9) is given
by the direct sum of the Hilbert pairings (a, b)v at v ∈ S. We determine a formula for (a, b)S
with a, b ∈ DK in the case that π(a, b)S is trivial, obtaining an element of CK,S/nCK,S⊗µn.
Fix a primitive nth root of unity ζ . Let α ∈ K×S with αn = a, and for σ ∈ GK,S, let
mσ denote the smallest nonnegative integer such that σα = ζ
mσα. We start with a general
cohomological lemma.
Lemma 2.1. Consider the homomorphism GK,S → Z/nZ associated with a via Kummer
theory and the isomorphism µn ≃ Z/nZ given by ζ 7→ 1. Let ǫ denote its coboundary in
the cohomology sequence of
1→ Z/nZ→ Z/n2Z→ Z/nZ→ 1.
Then
(a, a)S =
n(n− 1)
2
ǫ⊗ ζ⊗2.
Proof. This is antisymmetry of the cup product if n is odd, since in that case both sides
are zero. For n even, one can check directly that the difference of cocycles
(σ, τ) 7→ mσmτ − (mσ +mτ −mστ )/2 (mod n)
is the coboundary of
σ 7→ −mσ(1 +mσ)/2 (mod n).
(See also [NSW00, Section III.9].)
We proceed by considering the exact sequence of GK,S-modules
1→ µn → SLn(KS)→ PSLn(KS)→ 1. (10)
We define a GK,S-cocycle with values in PSLn(KS), the coboundary of which, when com-
puted in two different ways, yields the formula. (The choice of this cocycle was motivated
by consideration of the cyclic algebra associated with a and b.)
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Let
Mb =


0 1 . . . 0
...
. . .
. . .
...
0 . . . 0 1
b 0 . . . 0

 .
Note that Mnb = b, and choose β ∈ K×S such that
βn = detMb = (−1)n−1b.
We define a cochain with values in SLn(KS) by
Ca,bσ = (β
−1Mb)
mσ , σ ∈ GK,S.
The images of the Ca,bσ in PSLn(KS) define a cocycle, as each is fixed by GK,S and has
order dividing n. We denote the class of this cocycle by Ca,b.
Lemma 2.2. Let δ denote the coboundary in cohomology associated with (10). Then
δ(Ca,b)⊗ ζ = (a,−ab)S.
Proof. Let nσ be the smallest nonnegative integer such that σβ = ζ
nσβ. The coboundary
of Ca,b in H2(GK,S, µn) is represented by the 2-cocycle
(σ, τ) 7→ (β−1Mb)mσ(β−1Mb)mτσ(β−1Mb)−mστ
= β−(σ−1)mτ (β−1Mb)
mσ+mτ−mστ
= ζ−nσmτ (−1)(n−1)(mσ+mτ−mστ )/n,
which, upon tensoring with ζ and applying Lemma 2.1, yields
−((−1)n−1b, a)S + (a, a)S = (a,−ab)S.
The following lemma is applicable to the case of interest that π(a, b)S is trivial.
Lemma 2.3. Let B be the class of a GK,S-cocycle Bσ with values in PSLn(KS) such that
π(δ(B)⊗ ζ) = 0. Then there exists an A ∈ GLn(KS) such that
AσA−1 ≡ Bσ (mod K×S ).
For any such A, there is a fractional ideal a of OK,S such that
det(A)OS ≡ aOS (mod nIS)
and
δ(B) = −a (mod nCK,S).
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Proof. Consider the commutative diagram
1

1

1

1 // µn
f

// SLn(KS) //

PSLn(KS) //
g

1
1 // K×S
//

GLn(KS) //
det

PGLn(KS) //

1
1 //K×nS

// K×S
//

K×S /K
×n
S

// 1
1 1 1
We use δ (resp., δ′) to denote any coboundary in a long exact sequence of cohomology
groups arising from a horizontal (resp., vertical) short exact sequence in this diagram. The
map f∗ ⊗ µn, with
f∗ : H
2(GK,S, µn)→ H2(GK,S, K×S ),
can be identified with π, so our assumption on B is equivalent to f∗(δ(B)) = 0. Note that
we have δ(g∗(B)) = f∗(δ(B)), where g∗ denotes the map
g∗ : H
1(GK,S, PSLn(KS))→ H1(GK,S, PGLn(KS)).
Since H1(GK,S, GLn(KS)) = 0, this implies g∗(B) = 0. Hence, there exist an element
y ∈ (K×S /K×nS )GK,S such that B = δ′(y) and so, by definition of δ′, an A ∈ GLn(KS)
satisfying both the first statement of the lemma and
y = det(A) (mod K×nS ). (11)
(Note that it suffices to check the remainder of the lemma for this choice of A.)
Since the coboundaries δ and δ′ anticommute,
δ(B) = δ(δ′(y)) = −δ′(δ(y)).
Let a be a fractional ideal of OK,S such that
aOS ≡ yOS (mod nIS). (12)
Choose η ∈ K×S such that ηOS = aOS, and observe that y = η (mod K×nS ). Thus, δ(y) is
the image of the cocycle associated to η under the map
H1(GK,S,O×S )→ H1(GK,S, K×nS ),
so δ′(δ(y)) can be computed using the Kummer sequence (8). Hence, by the discussion
following (9), δ′(δ(y)) is the class modulo n of a, which, by (11) and (12), satisfies the
conditions of the lemma.
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Let NL/K denote the norm map for an extension L of K. We denote the image of a
(fractional) ideal a in CK,S/nCK,S by [a]. We remark that (n/2)[a] is always trivial if n is
odd. We now state our formula for the pairing.
Theorem 2.4. Let a, b ∈ DK be such that the Hilbert pairing (a, b)v is trivial for all
valuations v ∈ S. Choose α ∈ K×S such that αn = a, let L = K(α), and set d = [L : K].
Let b be the fractional ideal of OK,S such that bOK,S = bn. Write b = NL/Kγ for some γ,
and write
γOL,S = c1−σbn/d, (13)
for some fractional ideal c of OL,S and σ ∈ Gal(L/K). Let ξ ∈ µn be such that σα = ξα.
Then
(a, b)S = ([NL/K(c)] +
n
2
[b])⊗ ξ.
Proof. We have that b is a norm from Lv for all v, since the Hilbert pairing (a, b)v is trivial
for v ∈ S by assumption and for v /∈ S by definition of DK . Since, in a cyclic extension, an
element that is a local norm everywhere is a global norm, we have b = NL/Kγ with γ ∈ L×.
It is easy to see that γ has a decomposition as in (13). Without loss of generality, L/K
has degree n, and ξ is the primitive nth root of unity ζ chosen in the construction of the
cohomology class Ca,b.
We use γ to construct a matrix A as in Lemma 2.3. Let G be the diagonal matrix with
γγσ . . . γσ
i−1
in the (i, i) position. Let x1, . . . , xn be any K-basis for L, and let X be the
matrix with xσ
i−1
j in the (i, j) position. Let A = GX , so that
Ai,j = γγ
σ . . . γσ
i−1
xσ
i−1
j ,
and thus
γAσi,j =
{
Ai+1,j i < n
bA1,j i = n.
From this, we see that γAσ =MbA, that is,
AσA−1 ≡ Ca,bσ (mod K×S ).
This induces an equality of cocycles, as σ generates Gal(L/K). Since
γγσ . . . γσ
i−1OL,S = cc−σibi,
we have
det(G)OL,S = cn(NL/Kc)−1bn(n+1)/2.
Thus, reducing exponents modulo n and using Lemmas 2.2 and 2.3, we find
(a,−ab)S = δCa,b ⊗ ζ = ([NL/Kc] + n
2
[b]− [det(X)OK,S])⊗ ζ, (14)
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where, by a slight abuse of notation, det(X)OK,S denotes the ideal of OK,S whose extension
to OS is det(X)OS, which exists because det(X)σ = ± det(X). As a special case, we take
b = 1, so c = b = 1 and
(a,−a)S = −[det(X)OK,S]⊗ ζ.
Subtracting this from (14), we obtain the theorem.
We have the following corollaries (which are also easy to prove directly).
Corollary 2.5. If a, b ∈ O×K,S, and if b is the norm of an element of O×L,S, then (a, b)S = 1.
Corollary 2.6. If a ∈ O×K,S is such that 1− a ∈ O×K,S, then (a, 1− a)S = 1.
3 The cup product and K-theory
Corollary 2.6 may be rephrased in terms of K-theory. Recall the definition of the Milnor
K2-group of a commutative ring R:
KM2 (R) = (R
× ⊗R×)/〈a⊗ (1− a) : a, 1− a ∈ R×〉.
Then Corollary 2.6 says that the restriction of the cup product to the S-units induces a
map
u : KM2 (OK,S)/n→ H2(GK,S, µ⊗2n ).
On the other hand, since µn ⊂ K, the exact sequence of Tate [Tat76, Theorem 6.2] and (9)
yield a (noncanonical) isomorphism
c : K2(OK,S)/n ∼−→ H2(GK,S, µ⊗2n )
(see [Sou79], [DF85] and [Keu89] for generalizations). In [Sou79], a particular choice of the
map c is described as a Chern class map (for n a power of a prime p). The two versions of
K2 are related by a map
κ : KM2 (OK,S)→ K2(OK,S), (15)
which is constructed as follows. First, we may identify KM2 (K) with K2(K) by a classical
result of Matsumoto. The group K2(OK,S) may then be defined via the exact localization
sequence
0→ K2(OK,S)→ K2(K) t−→
⊕
q/∈S
k×q → 0, (16)
where kq denotes the residue field of K at q, and the map t is given by tame symbols. Since
two S-units pair trivially under the tame symbols, the sequence (16) yields the map κ of
(15). Let κn denote the map induced by κ on K-groups modulo n.
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Proposition 3.1. The maps u, c, and κ are related by the commutative diagram
KM2 (OK,S)/n κn //
u
((R
R
R
R
R
R
R
R
R
R
R
R
R
K2(OK,S)/n
−c≃

H2(GK,S, µ
⊗2
n ).
Proof. This is a special case of [Sou79, Theorem 1] for n a prime power, and the general
case follows easily.
Thus, the question of whether the pairing ( , )S is surjective on S-units is the question
of surjectivity of κn. In Section 5, we make a conjecture on the surjectivity of κp (Conjec-
ture 5.3) for the ring of p-integers in Q(µp). In order for this conjecture to hold, κp will
often have to be injective as well. We now describe a necessary, general condition for this
injectivity.
The Steinberg symbol {a, b}, for a, b ∈ R×, is defined to be the image of a ⊗ b in
KM2 (R). For any field F , the group K
M
2 (F ) has the property that the Steinberg symbols
are antisymmetric. This need not be true in an arbitrary ring R. On the other hand, in
order that κn be injective, it is necessary that antisymmetry hold in K
M
2 (OK,S)/n, since
K2(OK,S) ⊂ KM2 (K). We now present one sufficient condition for this antisymmetry.
Lemma 3.2. Fix ε ∈ Z relatively prime to n. Assume that R×/R×n has a generating set
with a set of representatives S ⊆ R× such that
{1− stε : s ∈ S, t ∈ S ∪ {1}, s 6= t} ⊂ R×. (17)
Then {a, b}+ {b, a} ≡ 0 (mod n) for any a, b ∈ R×.
Proof. Let s ∈ S and t ∈ Sε ∪ {1} with s 6= t, and set x = st. By definition of KM2 (R), we
have
{x,−x} = −
{
x,−1
x
}
= −
{
x,
x− 1
x
}
=
{
1
x
,
x− 1
x
}
= 0.
Then
{s, t}+ {t, s} = {s,−st}+ {t,−st} = {st,−st} = 0.
In general, if a = xn
∏M
i=1 ai and b = y
n
∏N
j=1 bj with ai, bj ∈ S ∪ S−1 and x, y ∈ R×, then
{a, b}+ {b, a} ≡
M∑
i=1
N∑
j=1
({ai, bj}+ {bj , ai}) ≡ 0 (mod n).
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4 Pairing with a pth root of unity
We now focus on the case n = p, an odd prime, K = Q(µp) and S = {(1− ζ)}. Here, and
for the remainder of the paper, we fix a choice ζ of a primitive pth root of unity. In this
section, we will show that the cup product we are considering is nontrivial for many p. We
assume Vandiver’s conjecture holds at p, i.e., that p does not divide the class number of
Q(ζ + ζ−1). Let C denote the group of cyclotomic p-units.
Lemma 4.1. The symbol {ζ, x} ∈ KM2 (OK,S) is zero for all x ∈ O×K,S. In particular, ζ
pairs trivially with O×K,S under the cup product.
Proof. This follows immediately from the properties of the symbol, since the elements 1−ζ i
with 1 ≤ i ≤ p−1 generate C, which, by a well-known consequence of Vandiver’s conjecture,
has index prime to p in O×K,S.
Let AK denote the p-part of the class group CK of K. (Note that CK = CK,S.) We
have an exact sequence
0→ O×K,S/O×pK,S → H1(GK,S, µp)→ AK [p]→ 0,
in which the map on the right is induced by a 7→ a, where aOK,S = ap. By Lemma 4.1, the
map a 7→ (ζ, a)S factors through a map
ψ : AK [p]→ AK ⊗ µp.
Let K∞/K be the cyclotomic Zp-extension, and let A∞ be the inverse limit of the p-parts
of the ideal class groups under norm maps up the cyclotomic tower. The abelian group
A∞ breaks up into eigenspaces A∞(ω
i), on which Gal(K/Q) acts by the ith power of the
Teichmu¨ller character ω : ∆ → Z×p . Let Λ be the Iwasawa algebra. Fix a topological
generator γ of Gal(K∞/K) such that γ acts on µp2 by raising to the (1 + p)th power, and
let T = γ − 1 be the corresponding variable in the Iwasawa algebra, so Λ ≃ Zp[[T ]]. Since
p satisfies Vandiver’s conjecture, A∞(ω
i) ≃ Λ/(fi), where fi is a characteristic power series
[Was97].
We consider an i for which AK(ω
i) is nontrivial. We often abuse notation by using the
same symbol to denote both a (fractional) ideal and its ideal class.
Proposition 4.2. Let a ∈ AK [p](ωi), and choose a0 ∈ AK(ωi) with afi(0)/p0 = a. Then
ψ(a) = a
−f ′i(0)
0 ⊗ ζ.
Proof. Let L = K(µp2), set f = fi and N = NL/K , and let a1 be an ideal of OL,S with
norm a0. The ideal a
f(T )
1 is principal, generated by an element y, and
(Ny)OK,S = Naf(0)1 = ap = aOK,S (18)
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for some a ∈ DK . Since ζ pairs trivially with p-units by Lemma 4.1, we may assume that
y is the element we use to calculate (ζ, a)S in Theorem 2.4. In particular, we have that
yOL,S = af(T )1 = abT (19)
for b such that
(ζ, a)S = Nb
−1 ⊗ ζ.
Let us make the identification
AL(ω
i) ≃ Zp[[T ]]/(f(T ), (1 + T )p − 1)
by mapping a1 to 1. Then, using (18) and (19) and that N = ((1+T )
p−1)/T , we see that
b may be identified with
1
T
(
f(T )− (1 + T )
p − 1
pT
f(0)
)
≡ f ′(0) (mod (p, T )),
and hence
Nb ≡ a0f ′(0) (mod pAK).
Thus if f ′i(0) is nonzero modulo p, which is equivalent to saying that the λ-invariant
of A∞(ω
i) is 1, then the pairing ( , )S is nontrivial. This occurs for all irregular primes
less than 12,000,000 [BCE+01]. (We remark that for many purposes in this article, such as
Proposition 4.2, the cyclicity of AK(ω
i) would be a sufficient assumption [Kur93], but we
are content to assume the stronger condition of Vandiver’s conjecture.)
5 Restriction of the pairing to the cyclotomic p-units
We continue to assume K = Q(µp), S = {(1 − ζ)} and n = p, an odd prime satisfying
Vandiver’s conjecture. We consider the restriction of the pairing ( , )S to the subgroup C
of cyclotomic p-units.
A pair (p, r), with r even and 2 ≤ r ≤ p−3, is called irregular if p divides the numerator
of the rth Bernoulli number Br, that is, if the eigenspace AK(ω
p−r) is nontrivial. Given
such a pair, we choose an isomorphism
AK(ω
p−r)⊗ µp ≃ Z/pZ(2− r). (20)
(We shall view the underlying group structure of A(i) for a given GK,S-module A and twist
i ∈ Z as being canonically identified with that of A.) Let ∆ = Gal(K/Q), and consider
the ∆-equivariant pairing
〈 , 〉r : DK ×DK → Z/pZ(2− r)
12
arising via (20) from composition of ( , )S with projection onto AK(ω
p−r)⊗ µp.
We consider the restriction of 〈 , 〉r to C × C. In fact, since C = 〈−ζ〉 ⊕ C+, we can by
Lemma 4.1 focus attention on the restriction of the pairing to elements of C+. Eigenspace
considerations put some restrictions on the elements that can pair nontrivially. For any
integer i, consider the usual idempotent
ǫi =
1
p− 1
∑
σ∈∆
ω(σ)−iσ,
and choose ηi ∈ C with
ηi ≡ (1− ζ)ǫp−i (mod Cp).
Then C+ is generated by {ηi : i odd, 1 ≤ i ≤ p − 2}. Since ∆ acts on (ηi, ηj)S via ω2−i−j,
we have
〈ηi, ηj〉r = 0 if i+ j 6≡ r (mod p− 1).
Let
ei,r = 〈ηi, ηr−i〉r, i odd, 1 ≤ i ≤ p− 2.
We now impose many linear relations on the ei,r and, in the process, get bounds on the
order of KM2 (OK,S)/p. Lemma 4.1 and Corollary 2.6 imply that if η is a cyclotomic unit
and 1 − η = ζjη′ for some j and cyclotomic unit η′, then {η, η′} = 0 in KM2 (OK,S), and
hence (η, η′)S = 1. Applying this observation to
η = ρa =
a−1∑
j=0
(−ζ)j,
we get
{ρa, ρa−1} = 0, 3 ≤ a ≤ p− 1.
Note that, if a is even,
ρa =
1− ζa
1 + ζ
=
(1− ζa)(1− ζ)
1− ζ2 , ρa−1 =
1 + ζa−1
1 + ζ
=
(1− ζ2a−2)(1− ζ)
(1− ζa−1)(1− ζ2) .
If σ ∈ ∆ satisfies σζ = ζa, then ω(σ) ≡ a (mod p). Thus
(1− ζa)ǫp−i ≡ ηap−ii (mod Cp).
Hence, the ei,r must be solutions xi = ei,r over Z/pZ to∑
i odd
1≤i≤p−2
(1 + ap−i − 2p−i)(1− 2p−r+i)(1− (a− 1)p−r+i)xi = 0 (21)
for every even a with 4 ≤ a ≤ p−1. (These relations also hold for odd a with 3 ≤ a ≤ p−2,
but we will not use those.)
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Theorem 5.1. For all irregular pairs (p, r) with p < 10,000, there exists a nontrivial,
Galois equivariant, skew-symmetric pairing
〈 , 〉 : C × C → Z/pZ(2− r)
satisfying (21) with xi = 〈ηi, ηr−i〉. Furthermore, these properties uniquely define the pair-
ing up to a scalar multiple.
Sketch of Proof. The relations (21) and the antisymmetry relations, xi + xr−i = 0, put
constraints on possible values of the pairing. We used a computer to calculate the nullspace
of the matrix of coefficients in these relations.
We have computed the pairing of Theorem 5.1 for all (p, r) with p < 10,000. A ta-
ble of the pairings and Magma routines that perform the computation are available at
www.math.harvard.edu/~sharifi and www.math.arizona.edu/~wmc. The pairing 〈 , 〉r
must be a (possibly zero) scalar multiple of the computed pairing.
Corollary 5.2. For all irregular pairs (p, r) with p < 10,000, one has
|(KM2 (OK,S)/p)(ω2−r)| ≤ p.
Proof. The only point at issue here is whether the symbols in KM2 (OK,S)/p satisfy the
skew-symmetry that was used in the proof of Theorem 5.1, as the other relations used
in Theorem 5.1 arise directly from relations in KM2 (OK,S) and eigenspace considerations.
Since C has index prime to p in O×K,S, we need only remark that the set S of generators of C
given by 1− ζ i with 1 ≤ i ≤ p− 1 has the property (17) for ε = −1. Then, by Lemma 3.2,
the image of a⊗ b+ b⊗ a is trivial in KM2 (OK,S)⊗ Zp for any a, b ∈ O×K,S.
In fact, by performing modulo p2 the same computations as in the proof of Theorem 5.1,
we have verified that
|(KM2 (OK,S)⊗ Zp)(ω2−r)| ≤ p
for all irregular pairs with p < 3000. The authors suspect that the uniqueness in Theo-
rem 5.1 fails for the irregular pair given by p = 89209 and r = (p + 3)/2, as the values
x1 = −x(p+1)/2 = 1 and xi = 0 for i 6= 1, (p + 1)/2 provide a solution to the equations in
this case, since 2p−r+1 ≡ 1 (mod p). Corollary 5.2 may or may not still hold for this p,
since we did not use all of the defining relations of KM2 (OK,S) in its proof. We do, how-
ever, conjecture that the pairing 〈 , 〉r is nontrivial. Since the eigenspaces of K2(OK,S)/p
corresponding to regular pairs are trivial, this may be rephrased as follows.
Conjecture 5.3. Let p be an odd prime satisfying Vandiver’s conjecture. Let K = Q(µp)
and let OK,S denote the ring of p-integers in K. The natural map
KM2 (OK,S)⊗ Zp → K2(OK,S)⊗ Zp
is surjective.
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In Section 7, we verify this conjecture in the case p = 37. In general, we have constructed
many other relations similar to those of (21), and their solutions are consistent with the
values of the calculated pairing of Theorem 5.1 in those cases that we have tested. As
the example with p = 89209 illustrates (or consider the regular pair (73, 38)), we have no
convincing evidence regarding whether or not the map in Conjecture 5.3 is always injective.
As further circumstantial evidence for the conjecture, we note that the nontrivial pairing
of Theorem 5.1 has a property not obviously encoded in the relations above, namely that
xp−r = 0. The cup product pairing 〈 , 〉r must itself satisfy this relation, since ηp−r provides
a Kummer generator for the unramified extension of K whose Galois group corresponds
to (AK/pAK)(ω
p−r) with respect to the Artin map. Thus the norm of an ideal from this
extension always has trivial projection to the ωp−r eigenspace of AK/pAK , and hence the
pairing must be trivial by Theorem 2.4.
6 Relationship with the ideal class group
Let K be a number field and S a set of primes of K that contains all real places of K. For
a finite extension F of K, we denote by IF,S, PF,S, and CF,S the ideals, principal ideals, and
ideal class group, respectively, of the S-integers OF,S, and by HF,S the maximal unramified
abelian extension of F in which all primes above S split completely.
First we review some genus theory. Let L/K be a cyclic extension, unramified outside
S, with Galois group G generated by an element σ.
Lemma 6.1. The norm map NL/K : CL,S → CK,S induces a map
CL,S/(σ − 1)CL,S → CK,S,
which is a surjection if and only if L ∩HK,S = K, and is an injection if there is at most
one prime in S that does not split completely in L/K.
Proof. By class field theory, CL,S = Gal(HL,S/L) and CK,S = Gal(HK,S/K). With these
identifications, the norm map is restriction to HK,S. Thus the image of the norm map is
Gal(HK,S/(L∩HK,S)), which immediately implies the first assertion. The kernel of the norm
map is generated by the commutator subgroup and the intersection between Gal(HL,S/L)
and the subgroup of Gal(HL,S/K) generated by decomposition groups of primes in S. If
there is exactly one nontrivial decomposition group, then its contribution is trivial, since
it maps injectively to Gal(L/K). Furthermore, since G is cyclic the commutator subgroup
of Gal(HL,S/K) is [σ,Gal(HL,S/L)] = (σ − 1)CL,S.
Compare the following proposition with Theorem 2.4.
Proposition 6.2. There is an isomorphism
CGL,S/φ(CK,S)
∼−→ (O×K,S ∩NL/KL×)/NL/KO×L,S
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given by taking the class of an ideal a to an element b ∈ O×K,S such that b = NL/Ky with
yOL,S = a1−σ. If HK,S ∩ L = K and there is at most one prime in S that does not split
completely in L/K, the order of these groups is equal to the number of ideal classes in CK,S
that define trivial classes in CL,S.
Proof. Consider the exact sequence
0→ PL,S → IL,S → CL,S → 0.
Since L/K is unramified outside S, IL,S is a direct sum of induced modules, so Hˆ
1(G, IL,S) =
0. Thus we have a surjection
Hˆ0(G,CL,S)→ Hˆ−1(G,PL,S),
which takes the class of an ideal a to (1− σ)a. Since the map PGL,S → IGL,S = IK,S has
cokernel equal to the image of CK,S under the obvious map φ : CK,S → CL,S, we therefore
have an isomorphism
CGL,S/φ(CK,S) ≃ Hˆ−1(G,PL,S).
Furthermore, using the exact sequence
0→ O×L,S → L× → PL,S → 0
and the triviality of Hˆ−1(G,L×), we obtain
Hˆ−1(G,PL,S) ≃ (O×K,S ∩NL/KL×)/NL/KO×L,S,
induced by NL/K on a generator of a representative principal ideal. This proves the first
statement in the proposition.
Now, suppose that HK,S ∩ L = K and that there is at most one prime in S that does
not split completely in L/K. Then it follows from Lemma 6.1 that φ(CK,S) = NG(CL,S),
where NG is the norm element in the group ring Z[G]. Thus
CGL,S/φ(CK,S) = Hˆ
0(G,CL,S).
Furthermore, since CL,S is finite, we have
|Hˆ0(G,CL,S)| = |Hˆ−1(G,CL,S)|.
Finally, using Lemma 6.1 again, we see that
Hˆ−1(G,CL,S) ≃ ker(CK,S → CL,S).
This proves the second assertion of the proposition.
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Now we return to the situation of Section 2, fixing n and letting K contain the nth
roots of unity and S all primes above n and real archimedean places. Let a ∈ DK and
α ∈ K×S with αn = a and take L = K(α). We let d = [L : K].
Proposition 6.3. Suppose a ∈ DK is such that HK,S ∩ L = K and there is at most one
prime of S that does not split completely in L/K. Then the map (n/d)NL/K : CL,S → CK,S
induces an isomorphism
CGL,S/((d, σ − 1)CL,S)G ⊗ µn ∼−→ (a,O×K,S)S ∩ (CK,S ⊗ µn), (22)
the intersection being taken in H2(GK,S, µn)⊗ µn.
Proof. Given a ∈ CGL,S, we can find b ∈ O×K,S ∩ NL/KL× associated with a by the iso-
morphism in Proposition 6.2. Since b is a global norm it is a local norm everywhere, and
Theorem 2.4 applies. Conversely, given b ∈ O×K,S such that (a, b)v = 1 for all v ∈ S,
Theorem 2.4 supplies an ideal a with class in CGL,S such that (a, b)S = NL/Ka ⊗ ξ, with
ξ a fixed generator of µd. Therefore, the map in (22) is surjective. By Lemma 6.1, the
kernel of NL/K on CL,S is (σ − 1)CL,S and NL/K is surjective. Thus, the kernel of the map
CL,S → CK,S ⊗ µn given by a 7→ NL/Ka⊗ ξ is (d, σ − 1)CL,S.
This has, for instance, the following corollary in the case n = p, a prime number. Let
AF,S denote the p-part of the S-class group of F for F/K finite.
Corollary 6.4. Assume that |AK,S| = p and S consists of a single (unique) prime above
p. Let a ∈ DK be such that [L : K] = p. Then (a,O×K,S)S 6= 0 if and only if |AL,S| = p.
Proof. If L ⊆ HK,S, then since AL,S is the commutator subgroup of a p-group that has
maximal abelian quotient AK,S ≃ Z/pZ, we must have AL,S = 0. Hence, we may assume
HK,S ∩ L = K.
By Lemma 6.1, the order of the quotient AL,S/(σ − 1)AL,S is p. By the assumption
on S, the image of the pairing is contained in CK,S ⊗ µp. Thus, using Proposition 6.3, we
see that AGL,S surjects onto the above quotient if and only if (a,O×K,S)S is nonzero. On the
other hand, AGL,S surjects onto the quotient if and only if (σ − 1)AL,S = 0.
Again, let us consider the case n = p odd, K = Q(µp) and S = {(1− ζ)}. Assume Van-
diver’s conjecture, and let (p, r) be an irregular pair. Recall the pairing 〈 , 〉r of Section 5.
Lemma 6.5. The image of the pairing 〈 , 〉r is 〈1− ζ, C+〉r.
Proof. The image of the pairing is generated by 〈ηi, ηr−i〉r for all odd i. Since 〈ηi, ηj〉r = 0
for j 6≡ r − i mod p− 1, we have
〈ηi, ηr−i〉r = 〈ηi,
p−2∏
j=0
(1− ζ)ǫj〉r = 〈ηi, 1− ζ〉r.
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Proposition 6.3 allows us to conclude the following.
Corollary 6.6. Let αp = 1 − ζ and L = K(α). Then the image of the pairing 〈 , 〉r is
isomorphic to the ωp−r-eigenspace of AGL/((p, σ − 1)AL)G, where AL denotes the p-part of
the class group of L.
7 Relationship with local pairings
We restrict ourselves to the case n = p andK containing µp. We assume that S consists of a
single, unique prime of K above p and, if p = 2, that K has no real places. In Theorem 7.2,
we will derive a formula for (a projection of) the pairing (a, b)S as a norm residue symbol
in a certain unramified cyclic extension L of K of degree p. The formula is similar to that
of Theorem 2.4 in that its applicability amounts to the determination of an element c ∈ L×
such that cσ−1b ∈ L×p, where σ generates Gal(L/K) (for a different field L). In this case,
however, one must determine an embedding of c in the multiplicative group modulo pth
powers of the completion at L at a prime above p, as opposed to determining the class
modulo p of an ideal of OK,S that c generates in L, again up to a pth power.
Let L/K be an unramified cyclic extension of degree p, and setG = Gal(L/K). Consider
the following commutative diagram, in which (9) has been used to obtain the top row and
in which we have identified H2(GK,S, µp) with CK,S/pCK,S in the bottom row.
0 // CL,S/pCL,S //
NL/K

H2(GL,S, µp) //
cor

//
⊕0
p|pH
2(Lp, µp)
f

// 0
0 // NL/KCL,S/pCK,S // CK,S/pCK,S // CK,S/NL/KCL,S // 0
Here, the superscript 0 on the direct sum indicates the kernel of the map∑
p|p
invp :
⊕
p|p
H2(Lp, µp)→ Z/pZ
(under the obvious identification 1
p
Z/Z ≃ Z/pZ). By class field theory, there is a natural
isomorphism CK,S/NL/KCL,S ≃ G. Let σ be a generator of G. Choose a prime of L above
p, say p0, and for any other, let kp ∈ Z/pZ be such that p = σ−kpp0. We need the following
explicit description of the map f .
Lemma 7.1. The map
f :
0⊕
p|p
H2(Lp, µp)→ CK,S/NL/KCL,S
is given by
f(c) =
∑
p|p
kp invp(c) · c
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for some ideal class c generating CK,S/NL/KCL,S.
Proof. Corestriction is equivariant with respect to G, and hence so is the map f . Further-
more,
⊕0H2(Lp, µp) is a cyclic Zp[G]-module, and
CK,S/NL/KCL,S ≃ Z/pZ,
so there is only one non-zero map up to scalar multiple. Since GK,S has cohomological
dimension at most 2 [NSW00, Proposition 8.3.17], corestriction is surjective by [NSW00,
Proposition 3.3.8], and hence so is f . So all we need to do is verify that the formula we
have given for f is equivariant with respect to G. Note that kσp = kp − 1. Hence, since
invp(σc) = invσ−1p(c), we have
f(σc) = f(c)−
∑
p|p
invp(c)c = f(c).
For a prime p of L above p, denote by ( , )p the Hilbert pairing on L
×
p into µp. Let πL
denote the projection map
πL : H
2(GK,S, µ
⊗2
p )→ CK,S/NL/KCL,S ⊗ µp.
Theorem 7.2. Let p0 be a prime of L above p, and let c be as in Lemma 7.1. Let a, b ∈ O×K,S
and suppose that b = NL/Kb
′ for some b′ ∈ O×L,S. Then
πL(a, b)S = c⊗ (a,N ′b′)p0, N ′ =
p−1∑
k=1
kσk. (23)
Proof. As a standard property of the cup product, we have
(a, b)S = corL/K(resL/K a, b
′)L,S.
We evaluate πL(a, b)S by taking the image of (a, b
′)L,S in
⊕
p
H2(Lp, µ
⊗2
p ), namely
⊕
p
(a, b′)p,
and applying the map f ⊗ µp to it. By Lemma 7.1, the result of this is
πL(a, b)S = c⊗
∑
p|p
(a, b′)
kp
p . (24)
Now, (σx, σy)σp = (x, y)p for any x, y ∈ L×. Thus (23) follows from (24) and the facts that
σa = a and σ−kpp0 = p.
We make the following observation on the applicability of Theorem 7.2.
Lemma 7.3. If |AK,S| = p, then NL/KO×L,S = O×K,S.
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Proof. By Proposition 6.2, we must show that AGL,S/φ(AK,S) = 0 (where φ is the natural
map). Since AL,S is finite and G is cyclic, we have
|AGL,S| = |AL,S/(σ − 1)|,
and it follows from Lemma 6.1 that this latter group has order |AK,S|/p = 1.
We now focus on our main interest: K = Q(µp) and S = {(1− ζ)}, with p an irregular
prime satisfying Vandiver’s conjecture. We consider the pairing 〈 , 〉r, where p divides Br.
Now let αpp−r = ηp−r, and set L = K(αp−r), so that ∆ acts on G with eigenvalue ω
p−r.
Then πL amounts to the application of the idempotent ǫ2−r.
We can exploit the action of ∆ to simplify the computation of (N ′b′)p0 as follows. Let
ιp : L →֒ Kp = Qp(µp) be the embedding corresponding to p. Let ∆0 be the inertia group
of p0, which we identify with Gal(Kp/Qp) via the projection onto Gal(K/Q).
Proposition 7.4. Let 3 ≤ i ≤ p − 2 be odd such that p does not divide Bp−i. Assume
that b = ηr−i is the norm of an S-unit b
′ ∈ O×L,S, and choose b′ to have image in the
ωp−r+i-eigenspace of O×L,S/O×pL,S. Then 〈ηi, ηr−i〉r 6= 0 if and only if ιp0(N ′b′) /∈ K×pp .
Proof. Let δ ∈ ∆0. We see that
δ(N ′b′) =
p−1∏
k=1
δσk(b′)k =
p−1∏
k=1
σkω
p−r(δ)δ(b′)k.
Modulo O×pL,S, this is congruent to
p−1∏
k=1
σkω
p−r(δ)(b′)kω
p−r+i(δ) ≡
p−1∏
k=1
σk(b′)kω
i(δ) ≡ (N ′b′)ωi(δ).
Hence N ′b′ has image in the ωi-eigenspace of O×L,S/O×pL,S under ∆0.
By Theorem 7.2, 〈ηi, ηr−i〉r = 0 if and only if (ηi, N ′b′)p0 = 1. Since p does not divide
Bp−i, the element ηi is not locally a pth power. Furthermore, we have seen that the elements
ηi and N
′b′ have image in the ω1−i and ωi eigenspaces of K×p /K
×p
p , respectively. These
eigenspaces have dimension 1 since i 6≡ 0, 1 (mod p− 1), and hence the result follows from
the non-degeneracy and Galois equivariance of the norm residue symbol.
For p = 37, the condition of Proposition 7.4 is computationally verifiable.
Theorem 7.5. The pairing 〈 , 〉32 for p = 37 is nontrivial. Thus, Conjecture 5.3 is true
for p = 37.
Sketch of Proof. Consider the fixed field F of ∆0. This is generated by the trace x of a pth
root αp−r of (a choice of) ηp−r. With the help of William Stein, we determined a minimal
polynomial for x by considering small primes l that are primitive roots modulo p, computing
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the minimal polynomial of the image of x in Flp−1 [X ]/(X
p − ηp−r), and using the Chinese
Remainder Theorem to find a Q-polynomial that x satisfies. Given this polynomial, Claus
Fieker used Magma routines to compute the maximal order of F and then a polynomial
for F with smaller discriminant (by far the most time-intensive steps), which made it
possible to compute the p-unit group of F (by first computing the class group to “sufficient
precision”). Now F has two prime ideals above p, and the prime of F below p0 embeds F
into Qp. We chose a p-unit that generates this prime, and this provided an element b
′ as
in Proposition 7.4 with p = NL/Kb
′. We then computed the embeddings of x at the primes
pk from the embeddings of αp−r, which we obtained by factoring X
p − ηp−r over Qp(ζ).
Writing b′ as a Q-polynomial in x, we then computed the image
ιp(N
′b′) =
p−1∏
k=1
ιpk(b
′)k
to verify the condition of Proposition 7.4. The Magma code is currently available at
www.math.harvard.edu/~sharifi and www.math.arizona.edu/~wmc.
Using the results of Section 6, we obtain the following corollary, which implies, for
example, that Q(37
√
37) has class number prime to 37, answering a question of Ralph Green-
berg’s.
Corollary 7.6. Let p = 37, and let L/K be a cyclic extension of degree 37 that is unramified
outside 37. Then |AL,S| = 37 if and only if L is not contained in Q(ζ372 , α5, α27), where
α37i = ηi for any odd i.
Proof. The values of the pairing 〈 , 〉32 tell us that the subgroup of DK consisting of
elements that pair trivially with all 37-units of K is Q = 〈ζ, η5, η27〉 ·D37K . By Corollary 6.4,
|AL,S| = 37 if and only if L = K(α) with α37 /∈ Q. The result now follows via Kummer
theory.
8 Relations in the Galois group
Let us return to the general situation and notation of the introduction with n = p, con-
sidering a free presentation (3) of G = G(p)K,S. The image of an arbitrary relation ρ ∈ R in
gr2(F)/p gr1(F) was given by (4). In gr2(F) itself, the relation must have the form∑
x∈X
aρxpx+
∑
x<x′∈X
aρx,x′[x, x
′]. (25)
To describe aρx ∈ Z/pZ, we use the Bockstein homomorphism
B : H1(G,Z/pZ)→ H2(G,Z/pZ),
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which is the coboundary in the long exact cohomology sequence of
0→ Z/pZ p−→ Z/p2Z→ Z/pZ→ 0.
For x ∈ X and ρ ∈ R we have [NSW00, Proposition 3.9.14]
aρx = −ρ(B(x∗)), (26)
where x∗ ∈ X∗ is the dual to x.
Lemma 8.1. Let K be a number field containing µp and S a set of primes containing those
above p. For a ∈ DK the homomorphism Φ = B ⊗ idµp is given, abusing notation, by
Φ(a)⊗ ζ = a⊗ ζ − (ζ, a)S,
where ap = aOK,S.
Proof. By comparison with the Kummer sequence (8) for n = p, the coboundary map B∗
in the cohomology of the short exact sequence
1→ µp → µp2 p−→ µp → 1,
is seen to be given by B∗(a) = a (mod p). We compute B−(B∗⊗j), where j is the identity
map on µ
⊗(−1)
p , in terms of cocycles.
On the one hand, for f ∈ H1(G,Z/pZ), we have that B(f) is the class of
(σ, τ) 7→ 1
p
(f˜(τ) + f˜(σ)− f˜(στ))
for an arbitrary lift of f to a map f˜ : G → Z/p2Z. On the other hand, B∗ ⊗ j takes f to
the class of
(σ, τ) 7→ 1
p
(χ(σ)f˜(τ) + f˜(σ)− f˜(στ)),
where χ : G → (Z/p2Z)× is the cyclotomic character associated with a root of unity of order
p2. The difference of these cocycles is
(σ, τ) 7→ −χ(σ)− 1
p
f(τ),
and here σ 7→ ζ (χ(σ)−1)/p is the Kummer character associated with ζ . By the well-known
formula for the cup product of two homomorphisms as their product, we have the result.
Again, let us focus on K = Q(ζp) and S = {(1 − ζ)}, with p satisfying Vandiver’s
conjecture. We describe a minimal generating set X of G. Let M denote the set of integers
m with 2 ≤ m ≤ p and either m odd or (AK/p)(ωp−m) nontrivial. (We take the given
interval, instead of 1 ≤ m ≤ p − 1, for compatibility with Section 9.) We let Mo and Me
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denote the odd and even elements of M , respectively. For each m ∈ M ∪ {0}, we choose
an element xm ∈ G with image generating the ωm-eigenspace of gr1(G), subject to the
following normalizations. For m ∈ Mo, we assume that xmαm = ζαm for αm a pth root
of ηm, the cyclotomic unit defined in Section 5. For m ∈ Me, let bm ∈ AK(ωp−m) be such
that bm ⊗ ζ maps to 1 under the isomorphism (20) (chosen in defining the pairing 〈 , 〉m),
and let fp−m be the Iwasawa power series for A∞(ω
p−m) with
fp−m((1 + p)
s − 1) = Lp(ωm, s),
for s ∈ Zp, where Lp(ωm, s) is the p-adic L-function. Choose bm ∈ DK with image in
(DK/D
p
K)(ω
p−m) such that
bm 7→ bfp−m(0)/pm under DK → AK [p]. (27)
Writing bm = β
p
m, we require that xm(βm) = ζβm. Finally, for m = 0, we let x0 = γ satisfy
γ(ξ) = ξ1+p for all ξ ∈ µp∞.
Let
X = {xm : m ∈M ∪ {0}}.
ThenX provides a dual basis to the basis ofH1(G, µp) given by the elements ηm form ∈Mo,
bm for m ∈Me, and ζ (under the isomorphism µp ∼−→ Z/pZ provided by ζ).
Now fix r ∈ Me. Recall that ei,r was defined to be 〈ηi, ηr−i〉r for i ∈ Mo. If i ∈ Me and
the least positive residue j of r− i modulo p− 1 is also in Me (so that p divides Bi, Bj and
Br!) we then set ei,r = 〈bi, bj〉r.
Identify 1 + T with the restriction of γ to K∞ = Q(µp∞). Define gp−r ∈ Λ ≃ Zp[[T ]] by
the relation
gp−r((1 + p)
s − 1) = fp−r((1 + p)1−s − 1) (28)
for every s ∈ Zp.
Theorem 8.2. For r ∈ Me with p satisfying Vandiver’s conjecture, there is a relation in
gr2(G) of the form
gp−r(0)xr + g
′
p−r(0)[γ, xr] +
∑
i<j∈M
i+j≡r (mod p−1)
ei,r[xi, xj ] = 0.
Proof. Choose a relation ρ ∈ F such that the map H2(G,Z/pZ) → Z/pZ corresponding
to ρ factors through the negative of the isomorphism (20) used in defining 〈 , 〉r. By the
expression (25) for ρ, the identities (5) and (26), and eigenspace considerations, we see that
ρ ≡ aρxrpxr + aργ,xr [γ, xr] +
∑
i<j∈M
i+j≡r (mod p−1)
aρxi,xj [xi, xj ] (mod Fil
3F),
with aρxi,xj = ei,r.
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Let f = fp−r and g = gp−r. We claim that
aρxr = g(0)/p (mod p) and a
ρ
γ,xr = g
′(0) (mod p).
Recalling the notation and statement of (27), Proposition 4.2 and Lemma 8.1 imply that
B(x∗r)⊗ ζ = bf(0)/p+f
′(0)
r and (ζ, br)S = b
−f ′(0)
r ⊗ ζ.
Applying −ρ, we obtain by (26) and (5) that
aρxr = f(0)/p+ f
′(0) (mod p) and aργ,xr = −f ′(0) (mod p).
That these agree with g(0)/p and g′(0) follows from the definition (28) of g in terms of f .
From our table of the pairings and some basic Bernoulli number computations, we
obtain the following corollary of Theorem 7.5 (for a particular choice of x32).
Corollary 8.3. For p = 37 and r = 32, there is a relation in gr2(G) of the form
37y − 3[γ, y]− 11[x3, x29]− [x7, x25] + [x9, x23]− 2[x11, x21]− 6[x13, x19]
− 3[x15, x17]− [x31, x37] + 11[x33, x35] = 0
with y = xc32 for some c ∈ (Z/37Z)×.
Proof. The coefficients of all but the first two terms are obtained from the table of calculated
pairings. It is easy to check that (see the proof of [Was97, Corollary 10.17])
pf ′p−r(0) ≡
Br
r
− Br+p−1
r − 1 ≡ 16p (mod p
2)
and
fp−r(0) =
r − 2
r
Br − Br+p−1 ≡ 14p (mod p2),
in order to compute the first two coefficients (up to a scalar relative to the others).
9 Relationship with pro-p fundamental groups
We consider the curve V = P1 − {0, 1,∞} over Q, and let V = V ×Q Q. The natural
identification of the absolute Galois group GQ with Aut(V /V ) induces a representation
φ : GQ → Out(π(p)1 (V ))
where π
(p)
1 (V ) denotes the pro-p fundamental group. As before, let K = Q(µp) and S =
{(1 − ζ)}. Then φ factors through G, and one can put a “weight” filtration FmG on
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G, consisting of the subgroups corresponding to the fixed fields of the various induced
representations
φm : G → Out(π1/π1(m+ 1)),
where π1 = π
(p)
1 (V ) and π1(m+1) is the (m+1)th term in the descending central series of
π1. In particular, the fixed field of φ1 is K∞ = Q(µp∞). Consider the graded Zp-Lie algebra
g = ⊕∞m=1 grm g, where grm g = FmG/Fm+1G.
Then grm g is torsion-free of finite Zp-rank, and GQ acts on it by the mth power of the
p-adic cyclotomic character [Iha86].
Let G denote the closed normal subgroup of G with fixed field K∞. Note that FmG =
FmG for m ≥ 1. For odd m ≥ 1, let κm : G → Zp(m) denote the Gal(K∞/Q)-equivariant
homomorphism dual to an appropriate sequence of cyclotomic p-units as defined in [Iha02]
and known to be nontrivial by [Sou84]. Then κm induces a nontrivial map κm : gr
m g→ Zp
for odd m ≥ 3 [Iha89, Proposition 1]. Let σ˜m denote an element of FmG such that
vp(κm(σ˜m)) is minimal. Then σ˜m restricts to a nontrivial element σm ∈ grm g.
Let h denote the Lie subalgebra of g generated by the σm. Hain and Matsumoto have
proven a conjecture of Deligne that g ⊂ h ⊗ Qp [HM] (see also [Gon01, Section 3.7] for a
description of motivic arguments of Beilinson and Deligne that lead to this result). Deligne
has further conjectured that g ⊗Qp is free on the σm. On the other hand, Sharifi [Sha02,
Theorem 1.3] has shown that Greenberg’s conjecture, as described in Section 10, implies
that g itself is not free on the σm if p is irregular. Deligne’s conjecture would then imply that
h 6= g. In this section, we describe relations in g, conjecturally nontrivial, in terms of the
cup product ( , )S (Theorem 9.1). Taking p = 691 as an example, we see in Theorem 9.11
that the nontriviality of 〈 , 〉12 is, in fact, equivalent to gr12 h 6= gr12 g.
Let s the free Zp-Lie algebra on generators si with i ≥ 3 odd, and let ψ : s→ g denote
the map given by si 7→ σi for each i. Deligne’s conjecture is equivalent to the statement
that ψ is injective. We say that Deligne’s conjecture holds in degree i if gri ψ is injective.
Assume p satisfies Vandiver’s Conjecture for the remainder of the section. Recall the
notation of Section 8. Let ∆ be a choice of lift of Gal(K/Q) to a subgroup of G of order
p− 1. We may choose xm for each m ∈M ∪ {0} such that
δxmδ
−1 = xω(δ)
m
m
for each δ ∈ ∆ by [Sha02, Lemma 2.1], which immediately forces xm ∈ FmG for m ∈ M .
Furthermore, for m ∈ Mo, we may take σ˜m = xm. For each m ∈ M , we let x¯m denote the
image of xm in gr
m g, which for even m may or may not be trivial.
Recall that Filk G was defined as the descending p-central series of G. We define the
induced filtration on g:
Filkg =
∞⊕
m=1
Filk G ∩ FmG
Filk G ∩ Fm+1G,
which differs from the descending central p-series on g.
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Theorem 9.1. Let m ∈Me for p satisfying Vandiver’s conjecture. Then there is a relation
in grm g of the form
Bmx¯m ≡ m
∑
i<j∈M
i+j=m
ei,m[x¯i, x¯j] (mod gr
m Fil3g), (29)
where the ei,m are as defined in Section 8.
Proof. We note that for x ∈ F iG, we have
xγ−1 ≡ x(1+p)i−1 mod F i+1G, (30)
since gri g has Tate twist i. Let g = gp−m be as in (28). Since
g((1 + p)m − 1) = Lp(ωm, 1−m) = (pm − 1)Bm
m
,
applying (30), we obtain
xg(T )m ≡ x(p
m−1)Bm/m
m (mod F
m+1G).
The result now follows from Theorem 8.2 by reducing its relation modulo the image of
Fm+1G in gr2(G).
We derive some consequences of this result regarding the freeness and generation of g.
In order to do so, we must compare the filtration Fil·g on g with the descending central
p-series on the simpler Lie algebra h. This will proceed in several steps. We begin with the
following lemma.
Lemma 9.2. Let H be the pro-p subgroup of G generated by the xi for i ∈ Mo ∪ {0}. Let
H be the pro-p subgroup of G generated by the σ˜i for odd i ≥ 3. Then H and H are freely
generated as pro-p groups on these sets of elements.
Proof. Hain and Matsumoto [HM, Theorems 7.3, 7.4] have demonstrated the existence of a
filtration on G with graded quotient a Zp-Lie algebra that injects into a free graded Qp-Lie
algebra on the images of the σ˜i in degree i. As remarked by Ihara [Iha02, Section 6], this
implies that H must be free on the σ˜i. By [Sha02, Lemma 3.1c] (as in the proof of Theorem
1.3 therein), this implies the desired freeness on the generators of H.
For Z a pro-p group or Zp-Lie algebra, we let Z(k) denote the kth term in its descending
central series and Filk Z the kth term in its descending central p-series. Next, we compare
Fil· h with the filtration induced on h by Fil·H . Note that we use H , as opposed to H (at
this point), since the weight filtration is defined by a filtration on H .
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Lemma 9.3. Let m and k be positive integers. If grm ψ is injective for i < m then
grm h(k) ≃ H(k) ∩ F
mG
H(k) ∩ Fm+1G
and
grm Filk h ≃ Fil
kH ∩ FmG
FilkH ∩ Fm+1G.
Proof. By definition of h, we may lift any element of grm h(k) to an element of H(k)∩FmG.
We must show that, conversely, an element of H(k) ∩ FmG projects to an element of
grm h(k). By the injectivity of gri ψ in weights i < m, the groupH/(H∩FmG) is isomorphic
to the free pro-p subgroup on the σ˜i modulo the pro-p subgroup generated by commutators
[σ˜m1 , . . . [σ˜mj−1 , σ˜mj ] . . .] with
∑
mi ≥ m [Iha02, Section 6]. Using the freeness of H in
Lemma 9.2, H(k) ∩ FmG is then the normal pro-p subgroup of H generated by those
among the above commutators with j = k, which clearly project to elements of grm h(k).
The same arguments hold with the descending central series terms replaced by descending
central p-series terms.
Now we compare the filtration Fil·g induced by Fil· G with the filtration on h induced
by Fil·H, since G is more closely related to H than to H .
Lemma 9.4. Let m and k be positive integers with m ≤ p + r − 2, with r the minimal
element of Me. If gr
i ψ is surjective for i ≤ m, then
grm Filkg ≃ Fil
kH ∩ FmG
FilkH ∩ Fm+1G.
Proof. We first show that xr ∈ [H,H ] · Fm+1G if r ∈ Me with r ≤ m. Note that since
r is even, grr h = grr[h, h] by definition. Since xr ∈ F rG and grr ψ is surjective, we have
x¯r ∈ grr[h, h]. Thus, we obtain xr ∈ [H,H ] · F r+1G. Now assume that xr ∈ [H,H ] · F lG
for some l 6≡ r (mod p− 1) with l ≤ m. We remark that
[H,H ] · F lG
[H,H ] · F l+1G ≃
F lG
([H,H ] ∩ F lG) · F l+1G ≃ gr
l hab,
and Gal(K∞/Q) acts on the latter group by the lth power of the cyclotomic character. On
the other hand,
δxrδ
−1 = xω(δ)
r
r for δ ∈ ∆,
and this forces xr ∈ [H,H ] · F l+1G. By recursion, since m < r + p − 1, we have xr ∈
[H,H ] · Fm+1G.
For a tuple m = (m1, . . . , mj) with mi ∈ M ∪ {0} for each i, and mj−1 < mj if j ≥ 2,
let
x
m
= [xm1 , . . . , [xmj−1 , xmj ] . . .].
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Then Filk G is generated as a normal subgroup by those elements of the form pk−jx
m
, with
m a tuple of length j ≤ k. Since xr ∈ [H,H ] · Fm+1G for r ∈ Me, the images of those
elements pk−jx
m
with some mi ∈Me are redundant as elements of the induced generating
set of Filk G/(Filk G ∩Fm+1G), and hence FilkH surjects onto the latter quotient, finishing
the proof.
In the following proposition, we conclude our discussion of filtrations by filling in the
intermediate comparison between the filtrations on h induced by Fil·H and Fil·H. Note
that these filtrations will always disagree in sufficiently large weight, since for each k, there
exists i sufficiently large such that σ˜i ∈ FilkH.
Proposition 9.5. Let m and k be positive integers with m ≤ p+1. If gri ψ is bijective for
i ≤ m, then
grm Filkg = grm Filk h.
Proof. By the second isomorphism in Lemma 9.3 and the isomorphism of Lemma 9.4, it
suffices to show that
FilkH ∩ FmG
FilkH ∩ Fm+1G ≃
FilkH ∩ FmG
FilkH ∩ Fm+1G.
We clearly have that FilkH ⊆ FilkH, and we are left to verify that
(FilkH ∩ FmG) · Fm+1G ⊆ (FilkH ∩ FmG) · Fm+1G (31)
From the generating set {xi : i ∈ Mo ∪ {0}} of H, we may define a generating set
{xi,n : i ∈Mo, n ≥ 0} of H , taking xi,0 = xi and
xi,n+1 = γxi,nγ
−1x
−(1+p)i+n(p−1)
i,n .
By [Sha02, Lemma 3.1b], the xi,n freely generate H as a pro-p group. Note that xi,n ∈
Filn+1H−Filn+2H by Lemma 9.2. Thus H∩FilkH is generated as a normal pro-p subgroup
by those elements of the form
pk−J [xm1,n1 , . . . , [xmj−1,nj−1, xmj ,nj ] . . .]
with mt ∈ Mo, nt ≥ 0, and J = j +
∑
nt for 1 ≤ t ≤ j. Furthermore, it follows as in
[Sha02, Lemma 2.2], that the elements σ˜i with i ≥ 3 odd may be chosen such that
xi,nσ˜
−1
i+n(p−1) ∈ [H,H ] ∩ Filn+1H.
Therefore, H ∩ FilkH is generated as a normal pro-p subgroup by the elements
pk−J [σ˜m1+n1(p−1), . . . , [σ˜mj−1+nj−1(p−1), σ˜mj+nj(p−1)] . . .],
with mt, nt and J as before. Since σ˜i+n(p−1) ∈ Fm+1G if n ≥ 1, to show (31), it suffices to
verify that
pk−j[σ˜m1 , . . . , [σ˜mj−1 , σ˜mj ] . . .] ∈ FilkH,
but this is true by definition.
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Combining Proposition 9.5 with Theorem 9.1, we obtain the following.
Proposition 9.6. Assume that ei,m is nonzero for some i ∈Mo with i < m/2 and m ∈Me.
Then g is not freely generated by the elements σi. In fact, there is an i ≤ m for which gri ψ
is not is an isomorphism.
Proof. Assume that gri ψ is bijective for all i ≤ m, so the relation (29) holds modulo
grm Fil3 h by Proposition 9.5. Then Bmx¯m ∈ p · grm h by the surjectivity of grm ψ. Fur-
thermore, for any r ∈ Me with r < m, we have x¯r ∈ [h, h] by the surjectivity of grr ψ, as
in the proof of Lemma 9.4. Since some ei,m 6= 0, reducing (29) modulo ph + h(3) exhibits
a contradiction of the injectivity of grm ψ.
This can be improved as follows, when m is the smallest positive even integer such that
p divides Bm.
Theorem 9.7. Let m be the minimal element of Me for an irregular prime p satisfying
Vandiver’s conjecture. Assume that Deligne’s conjecture holds in degrees i ≤ m. Then
grm g = Zpx¯m + gr
m h and grm gab is generated by the image of x¯m. Furthermore, if ei,m is
nonzero for some i ∈Mo with i < m/2, then in fact grm h ( grm g and grm gab is nontrivial.
Proof. First, we remark that gri ψ is not only injective, but bijective in degrees i < m by
[Iha02, Theorem I.2(ii)]. From this, it is easy to see that x¯m and gr
m h generate grm g.
That is, grm[g, g] = grm[h, h] by the bijectivity in lower degrees, and grm gab is generated
by the image of x¯m as shown, e.g, in the proof of [Sha02, Theorem 4.1]. By Proposition
9.6, we know that grm ψ is not bijective, hence not surjective, finishing the proof.
Let D denote Ihara’s stable derivation algebra [Iha02], which is a graded Lie algebra
over Z. More specifically, it is a Lie algebra of derivations of the free graded Lie algebra
F on two variables x and y over Z and consists of D ∈ grmD such that D(x) = 0 and
D(y) = [y, fD] with fD ∈ grmF satisfying certain relations.
Ihara has shown that there is an injection of graded Zp-Lie algebras [Iha89]
ι : g→ D ⊗ Zp.
He has also made the following conjecture.
Conjecture 9.8 (Ihara). The map grm ι is an isomorphism for m < p.
Consider the map
λm : gr
mD → Z
(denoted grm(c) in [Iha02]) given by
fD ≡ λm(D)[x, [x, . . . [x, y] . . .]] (mod terms of degree ≥ 2 in y).
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We remark that λm = 0 if m is even or m = 1. Extending λm Zp-linearly, we may
precompose with grm ι to obtain a map λ
(p)
m satisfying the formula [Iha89, Iha02]
κm = (p
m−1 − 1)(m− 1)!λ(p)m (32)
for odd m ≥ 3.
Lemma 9.9. For m ∈ Mo, there exists Dm ∈ grmD such that λm(Dm) is the positive
generator of the image of λm and
Dm ≡ −(m− 1)!λm(Dm)ι(σm) (mod pD ⊗ Zp). (33)
Proof. We need only show that the two defining properties of Dm are consistent. If m ≤ p,
we have
λ(p)m (σm) ≡ −1/(m− 1)! (mod p)
by equation (32), and consistency follows from applying λm to both sides of (33).
Ihara has conjectured the existence of p-torsion in the mth graded piece of Dab when p
divides Bm [Iha02, Conjecture II.2]. We will focus on a case in which the stable derivation
algebra has been calculated sufficiently to allow comparison with the relation in Theo-
rem 9.1. That is, when p = 691 and m = 12, Ihara has exhibited a relation
691δ = 2[D3, D9]− 27[D5, D7] (34)
for some δ ∈ gr12D. On the other hand, Matsumoto has shown that [D3, D9] and [D5, D7]
form a basis of gr12D ⊗ Q and generate gr12[D,D] [Mat95, Appendix A], which implies
that δ /∈ [D,D]. Furthermore, he has verified that the image of δ generates gr12Dab.
Proposition 9.10. For p = 691, Conjecture 9.8 in degree m = 12 is equivalent to the
statement that gr12 h ( gr12 g.
Proof. We remark that gri ψ is injective for i ≤ 11, as follows directly from the main results
of [Iha89]. By Theorem 9.7, the top row of the commutative diagram
0 // gr12[h, h] //

gr12 g //
gr12 ι

gr12 gab //

0
0 // gr12[D,D]⊗ Z691 // gr12D ⊗ Z691 // gr12(D ⊗ Z691)ab // 0
is exact and gr12 gab is nonzero if and only if gr12 h ( gr12 g. The bottom row is exact
by definition. Since gr12[D,D] is generated by [D3, D9] and [D5, D7], Lemma 9.9 implies
that the leftmost vertical arrow is a surjection. Since ι is injective, the rightmost vertical
arrow is now forced to be an injection as well. Furthermore, noting (34) and Matsumoto’s
results discussed after it, we have that gr12Dab is cyclic of order 691. Therefore, gr12 ι is
an isomorphism if and only if gr12 gab is nonzero, hence the result.
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By Proposition 9.10, the following shows that Conjectures 5.3 and 9.8 are equivalent
for the irregular pair (691, 12).
Theorem 9.11. The pairing 〈 , 〉12 is nontrivial for p = 691 if and only if gr12 h ( gr12 g.
In this case, there is a relation in gr12g,
[σ3, σ9] ≡ 50[σ5, σ7] (mod 691). (35)
Proof. According to [Iha02], we have λm(Dm) = 1, 2, 16, 144 for m = 3, 5, 7, 9 respectively.
If gr12 h ( gr12 g, then the injectivity of ι implies that δ is contained in ι(gr12 g). By
Theorem 9.7 and Lemma 9.9, equation (34) becomes
691c · x¯12 ≡ 190[σ3, σ9] + 174[σ5, σ7] (mod 691[g, g]) (36)
in gr12 g for some c 6≡ 0 (mod 691). This yields (35). By the linear independence of [σ3, σ9]
and [σ5, σ7], this equation must agree with that of (29) (noting Proposition 9.5, and after
multiplication by an appropriate scalar). Therefore, by Theorem 9.1, the pairing 〈 , 〉12 is
nontrivial.
On the other hand, the coefficients in equation (36) of [σi, σ12−i] equal the values of the
pairing ei,12 up to a constant scalar multiple by the computation yielding Theorem 5.1.
Hence, by Theorem 9.7, nontriviality of 〈 , 〉12 implies that gr12 h ( gr12 g.
In general, we expect that for m minimal such that p divides Bm, a determination of
the structure of griD with i ≤ m, together with a computation of a unique possibility for
the pairing 〈 , 〉m on C × C up to possibly trivial scalar (to show ei,m 6= 0 for some i ∈Mo
with i < m/2 if 〈C, C〉m 6= 0), would yield (in essence) that Conjectures 5.3, 9.8, and the
statement that grm g ( grm h, are equivalent as well.
10 Relationship with Greenberg’s conjecture
Let K be a number field, K∞ the compositum of all Zp-extensions of K, Γ˜ = Gal(K∞/K)
and Λ˜ = Zp[[Γ˜]]. Let L∞ be the maximal abelian unramified pro-p extension of K∞, and let
M∞ be the maximal abelian p-ramified pro-p extension of K∞. Then X∞ = Gal(L∞/K∞)
and Y∞ = Gal(M∞/K∞) are Λ˜-modules. We say that a Λ˜-module is pseudo-null if its
annihilator has height at least 2. Greenberg has made the following conjecture [Gre01,
Conjecture 3.5].
Conjecture 10.1 (Greenberg). X∞ is pseudo-null as a Λ˜-module.
For a prime ideal p of K lying above p, let rp be the integer such that the decompo-
sition group Γ˜p ⊂ Γ˜ is isomorphic to Zrpp . In certain cases, Greenberg’s conjecture has an
equivalent form in terms of the torsion in Y∞. For example, we have the following theorem,
which is [McC01, Corollary 14] (see also [LNQD00]).
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Theorem 10.2 (McCallum). Assume that rp ≥ 2 for all primes p above p and that
µp∞ ⊂ K∞. Then Greenberg’s conjecture holds if and only if Y∞ is Λ˜-torsion free.
Let G be the Galois group of the maximal p-ramified pro-p extension ofK and let G˜ ⊂ G
be the Galois group of the same extension over K∞. Let I(G) denote the augmentation
ideal of Zp[[G]]. Then the module Z = H0(G˜, I(G)) has torsion subgroup isomorphic to
that of Y∞ (see [McC01, Theorem 10]).
Consider a free presentation of G as in (3) with minimal sets of generators and relations
X and R as in Section 1. The presentation gives rise to an exact sequence [NQD84, McC01]
0→ Λ˜s φ−→ Λ˜g → Z → 0, (37)
where s = |R| and g = |X|. Let h denote the Zp-rank of Γ˜ (so h ≥ g−s). Write Λ˜ = Zp[[T ]],
where T = (T1, . . . , Th) and 1 + Ti is the restriction of a generator xi ∈ X . Furthermore,
we choose the remaining elements xi ∈ X with h + 1 ≤ i ≤ g such that the image of xi in
Gab is torsion. If
f = (f1, . . . , fg) ∈ Λ˜g,
we also use the notation
f =
g∑
i=1
fidxi.
We briefly describe the map φ in (37) (see [NQD84] for details). Fox [Fox53] defines a
derivative (extended to pro-p groups in [NQD84])
D : Zp[[F ]]→ I(F)
satisfying D(x) = x− 1 for x ∈ X and a certain non-abelian Leibniz condition that yields,
for example,
D[x, y] = (1− xyx−1)(x− 1) + (x− [x, y])(y − 1)
and
Dxq =
(
q−1∑
i=0
xi
)
(x− 1)
for q a power of p. We also have the map
θ : I(F) =
∑
Zp[[F ]](xi − 1)→
∑
Λ˜dxi = Λ˜
g.
We remark that the map Φ = θ ◦D factors through Zp[[F/F ′′]] (where N ′ = [N,N ] for a
group N). The map φ in the presentation (37) is then obtained on basis elements of Λ˜s by
identifying them with elements of R, considering these as elements of F via the presentation
(1), and then composing with Φ. Roughly speaking, the map φ is the Jacobian matrix of
the relations.
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We choose R such that each rk ∈ R has the form
rk ≡
( ∏
1≤i<j≤g
[xi, xj ]
fki,j
)
· xlkk (mod F ′′), (38)
with g − s+ 1 ≤ k ≤ g, where lk is a power of p for k > h and lk = 0 for k ≤ h and where
fki,j ∈ Zp[[Fab]]. Each fki,j may be chosen not to involve any xa with i < a < j in order to
make the expression unique. Via the surjection Zp[[Fab]] → Λ˜, we obtain elements fki,j(T )
of Λ˜, in which xi is replaced by 1 + Ti if 1 ≤ i ≤ h and 1 otherwise. We find
Φ(rk) =
∑
1≤i<j≤h
fki,j(T )(−Tjdxi + Tidxj) +
∑
1≤i≤h<j≤g
fki,j(T )Tidxj + lkdxk. (39)
Let us assume from now on that p is odd. We require the following lemma.
Lemma 10.3. Let K be a number field containing µp, and let α ∈ K× be a universal norm
from the extension K(µp∞)/K. Then the torsion in Gab acts trivially on any pth root of α.
Proof. We may assume that α /∈ µp∞ · K×p. Let Kn = K(µpn), and let αn ∈ K×n be the
elements of a norm-compatible sequence with α1 = α. Set
α′n =
∏
σ∈Gal(Kn/K)
σ(αn)
iσ,n,
with iσ,n the minimal nonnegative integer satisfying σ(ζpn) = ζ
i−1σ,n
pn . Then α
′
1 = α, and
α′n+1α
′
n
−1 ∈ K×pnn+1 .
Since α /∈ µp∞ ·K×p, we have that α′n /∈ K(µp∞)×p. By Kummer theory, the sequence (α′n)
defines a nontrivial element of H1(G, lim
←
µpn), with G as in Section 9, on which
Γ = Gal(K(µp∞)/K)
acts by the cyclotomic character. Hence, by a choice of isomorphism
λ : Zp(1)
∼−→ lim
←
µpn
of G-modules and the fact thatG acts trivially on Zp(1), it defines an element ofH1(G,Zp)Γ.
Since Γ has cohomological dimension 1, this element is the image under restriction of an
element κ ∈ Hom(G,Zp). Furthermore, the map induced by the quotient Zp → Z/pZ takes
κ to the Kummer character associated with α, viewed as an element of Hom(G,Z/pZ) via
λ (as K contains µp). Since κ has torsion-free image, the lemma is proven.
We remark that all universal norms for the cyclotomic Zp-extension are p-units. We are
now ready to prove the following consequence of nontriviality of the pairing.
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Theorem 10.4. Let K be a number field containing µp for an odd prime p, and let S be
the set of primes above p and any real archimedean places. Suppose that
dimZ/pZH
2(GK,S,Z/pZ) = 1.
If the pairing (α, β)S is nontrivial on two universal norms α, β for the extension K(µp∞)/K,
then Greenberg’s conjecture holds for K.
Proof. By Lemma 10.3 and equation (5), the nontriviality of the cup product implies that
f ga,b(0) 6≡ 0 (mod p),
with f ga,b as in (38) for some a and b with 1 ≤ a < b ≤ h. Set m = (p, T )Λ˜. From equation
(39), we see that
Φ(rg) ≡
∑
1≤i<j≤h
f gi,j(0)(−Tjdxi + Tidxj)
+ δ(lg +
∑
1≤i≤g−1
f gi,g(0)Ti)dxg (mod m
2), (40)
where δ = 1 if h = g − 1 and δ = 0 if h = g. Equation (40) therefore shows that the
coefficients of dxa and dxb in Φ(rg) are both nontrivial modulo m
2, with only the latter
involving a linear term in Ta that is nonzero modulo p. Hence, one cannot factor a non-unit
polynomial out of Φ(rg), and Z has no torsion.
Let us specialize to the case K = Q(µp) by way of example. Assume that AK has order
p. In [McC01, Theorem 1] (see also [Mar]), it is shown that Greenberg’s conjecture holds
if f(0) 6≡ −pf ′(0) (mod p2), where f denotes a characteristic power series of the p-part of
the class group of Q(µp∞). Essentially, this is a condition on the last term in the expression
(40). (By the discussion in Section 8, it is exactly that lg 6≡ 0 (mod p2).) Since that
term involves only dxg, the method of analysis in Theorem 10.4 seems incapable of giving
an alternate proof of McCallum’s result. On the other hand, since cyclotomic p-units are
universal norms, we have the following variation on McCallum’s result which replaces the
condition on the characteristic power series with a condition on the pairing.
Corollary 10.5. Let K = Q(µp), and assume that AK is a cyclic group. If the restriction
of ( , )S to the cyclotomic p-units is nontrivial, then Greenberg’s conjecture holds for K.
Using Theorem 7.5, this gives another proof of Greenberg’s conjecture for Q(µ37).
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